
Math 451: Introduction to General Topology
Lecture 21

We now discuss non-permanence of properties under products.

Example (product of two normal isn't normal) . Recall But the Sorgentley place SxS,

where S : = /R is the Sergently line whose top is gen . by 19
, 6) ,

is not normal (optional
HW)

, yet the Jorgenfrey line S is normal becase it is regular and Lindelof.

First atbly Ineare metrizability) are not closed under nautl products
,
more precisely :

Prop . Let X := TX : be a product of nuotbly many montrivial i.
spaces

X:top .IGI

Then X is isn't 1st etbl ; in fact, no point has a ctbl neighbourhood basis.

Proof
.

Ut xEX and suppose towards a contradiction What x has a ctbl neighb. basic [Unbusir.
Since for each NESN

,
7 finite-base cylinder In sit

.

XCEUn
,
Guine is also a

neighbourhood basic of x . Each cylinder In has a finite base In EI . Then I' := VI
n((N

is still ctbl
,

while I is nicel
,
so I JOEI\ I ! let at Xio be distinct from xcio.

Bere Xio is T1
,
I
open Rio = Xio with xio but a Mio . Then LiotUo] is an open

neighbourhood of X
,
so In set

.

Cn = (io + Uo]
.

But the point yeX definedly
y (i) : = (X(i) it belongs to In since in In

,
but is not in Llor Mio] , contractic

tiny (nElior> Uo] ·

Compactness / = topological finiteness) .

Not
.
A top , space is called compact if every open cover admits a finite subcover .

Thus
,
this a strengthening of Lindelof property .



Rephrasing compactness via closed rots. A top , space X is compact every collection &

of closed ats with the finite intersection property has a nonempty intersection , i. e.
12 : = 12 + 0 .

We say
that a collection I oft satisfies the finite intersection property IFIP) if

every finite 2012 has awonempty intersection
,

i
. e. 120 := 1 < +0·

CE20

Proof
.

=>
.

Let's prove the contrapositive : suppose there is a collection & of closed uts with
FIP butIt = 0

.

Then let 1 := >X12 : (2) Kalled the dual collection) . The
I is an open over of X bease D = 12 = /via complements) X = Ve , by deMorgan.
YetHe has no finite subcover : for

any finite
No ? U, #Al' bene of F,a

nence (hy deMogan) , X + VU .
UEU

.

E
. If I is an

open over
of X

,
then the dual of M

, namely , C : = &X-U : Vet]
is acollection of closed ate with O intersection bease X= UM implies
= 12 . Thus

,
I doesn't have the FIP

,

i
.
e
.

- finite to : I wile 1 To = D,
so (b) deMorgan) , UK = X

,
10 to := > : Letoh is a finite snbrover

Ctto

Def. It It be a cover of a set X
.
Another cover O of X is called a refinement ofI

Iif every
New is contained in some lose .

40

Prop . For every open cover 12 of adop space
X
, every

basis B of X contains an

open
cover of X refining I .

Proof. For each xEX & KEY covering x
,
i
.
e
.
xEU

,
so I BxcB with xBx = U.

Then V : = (Bx]xeX is an open cover of X and refines 1 by definition .

Obs
.

Let X be a dep . space . (HW)
(a) X is compact as every open cover admits a finiterefinement.

16) X is Lindelof3 every open
cover adush a still refinement.



Cor. In the def of compactness it suffices to consider open covers consticting of sets in some basic.

More precisely , a lop. space X is compact S fr every basis & of X
, every open cover

N2S of X has a finite snbcover
.

Proof
.
The noutricial direction is E .

Let 20 be a basis and te an open cover. Then by above
,

7. open cover USB which efines 1
. By the hypothesis , U admits admile a finshe inhoever

No
,
which is heave a finite refinement of 1.

Examples . (a) All finite top spaces are compact.

16) In the refinite top on IN
,
IN is compact . In fact

, every subot of IN is compact (in the

subspace hop) . HW
() IR is not compact : ((n- , u + 17 ne is an open cover

with no finite subnover.
Also

,
164 , n7hme in an open cover with no finite subcover

.

The last example generalizes :

Prop . If adop space X admile an unbounded compatible metric then X is not compact.

Proof . IfI is an unbold metric on X generating the top. , then for
any
xoeX,

the collection &BR(XoYneI is an open cover of X but doesn't have a finite

introver
.

for . Compact subsets of metric spaces are bounded.

However boundedness of the metric doesn't guarantee compactness even for complete metric
spaces .

Example. The Baire space IN has compatible complete metric bod by 1 (e usual metric).
Yet I' is not compact the collection of cylinders [Cushue in an open rover will no

M
...

finite subcover.

(02)(ii)



The noncompactness occured bease the tree was infinitely branding ,

in contract to :

Example . The Cantor space 2 in compact. In fact
,
I is compact for finite I.

Proof. We show for In but the proof in the same for and finite
I

.

· htH be an open corres of I and suppose howards a contradiction that
↑
& it has no finite snbrover

.
Call a vertex we heavy if Cub still doesn't1991

↑ MINIA/I have a finite subcover of 1 . By our unsumption the empty word (the roof) is
· heavy

.
Note that if w is heavy then at least one of NO and we is heavy

Since otherwise if No
,
M1 :1 are finite covers of [WO] and Swi

,
When More , is

a finite cover of (w7). Using this we start from the root and obtain an infinite brand

x I' sit
.

VueN
,
XIn is heavy , i . e. Exa) doesn't have a finite over inte.

But I covers X
,
10 EHEL with xell

,
so for a large enough EIN,

[xIn] =U
,
but then \u] is an open never of [xIn) of size 1, a contradiction.

Remark on the compactnes of subspaces. It X be a dep space and YEX . An open cover

of Y
, by definition , is a collection I of sets UEY which are relatively open

in Y
,
i. e . 5 af EEX open in X sat

.

U = YSY
.

For example , (20 , 3) , 12 , 133
is an open cover of Co

,
1) in the subspace Lop

. However,
we could replace 1 with

the collection Y = It : UEV) ,
so it consists of sets open in

X and it still overs
Y in the sense leat Y = UF : = V

.

E
. Clearly , I has a finide subcover of Y (=

2 El
H has a finite cobcever of Y . Thus :

Obs
.
For a top. space X , a subspace YEX is compact if every cover 0 of Y (i . e . Y=U)

with sele open in X
,
there is a finite snbrover Vor of Y Lie

.

Y = U8o).


